Abstract In this paper, all possible orbits of test particles are investigated by using phase plane method in regular Hayward black hole space-time. Our results show that the time-like orbits are divided into four types: unstable circular orbits, separates stable orbits, stable hyperbolic orbits and elliptical orbits in regular Hayward black hole space-time. We find that the orbital properties vary with the change of ℓ (a convenient encoding of the central energy density 3/8πℓ
Introduction
In 1968, Bardeen proposed the first regular black hole model named Bardeen black hole [1] to avoid singularity problem [2] [3] [4] . Since then, many other regular models are presented, for example the regular Hayward black hole [5, 6] . In this black hole model, the space-time metric is built up on the Schwarzschild metric [7] [8] [9] [10] and a new parameter ℓ is introduced. When ℓ = 0, this metric reverts to the metric of Schwarzschild black hole space-time. The type of horizon is determined by the values of 27 , double horizons (regular black hole with two horizons) are allowed [11] . The variations of parameter ℓ can affect the properties of gravitational field, but the weak energy condition [12, 13] is always satisfied, just as in Bardeen black holes. Researches on the regular Hayward black hole [14, 15] are the focus of black hole physics all the time. Some researchers [16] [17] [18] devoted to study of the quasinormal modes (QNMs) of the regular Hayward black hole. Halilsoy et al. [11] found that a Hayward parameter ℓ could make the Thin-shell wormhole [19] more stable. In 2014, Abbas and Sabiullah [6] demonstrated the timelike and null geodesic structures [20] [21] [22] [23] [24] [25] of massless (photon) and massive particles in regular Hayward space-time. Soon, Amir and Ghosha [26] suggested that a rotating regular Hayward black hole could also act as a particle accelerator. Recently, Amir et al. [27] presented that the ergoregion will be enlarged when the values of g (the deviation parameter) increases in regular Hayward black hole space-time.
In this paper, we make some analyses for the orbital motions of test particles [28] in regular Hayward black hole space-time. We get a very clear picture to describe different types of the orbital motion by using the phase plane method [29] . Our results can help us better understand the geometrical properties of the regular Hayward black hole space-time.
The structure of the paper is as follows: In Sect.2, we derive the equations of the orbital motion. In Sect.3, the stability [30] of the orbital motion is studied using the phase plane method. In Sect.4, the effect of the parameter ℓ on orbital motion is investigated. In Sect.5, a brief conclusion is given.
Equations of the orbital motion
The metric of regular Hayward black hole space-time is described by [5] 
where m is the mass of regular Hayward black hole and ℓ is a convenient encoding of the central energy density 3/8πℓ 2 [6, 11, 16, 26] . We choose m = 1, ℓ = 1 3 to get the double horizons (regular black hole with two horizons). The Lagrangian for test particles can be written as
where τ is the proper time, M is mass of the test particles.ṫ = dt/dτ ,ṙ = dr/dτ ,θ = dθ/dτ ,φ = dφ/dτ .
Without losing generality, we choose θ = π 2 . Eq. (3) can be expressed as
Considering the equation of Lagrangian not explicitly containing t and φ, by using the Euler-Lagrangian differential equation [31] (Eq. (5)), we can obtain two equations
By analyzing these two equations, two constants ε (the total energy) and J (the total angular momentum) of the test particles are obtained.
to simplify Eqs. (6) and (7) 
then we can geṫ
Due toṙ = dr dφφ andφ = b r 2 , Eq. (9) can be rewritten as
where g(R) = 
Stability of the orbital motion
Now, we would like to make a research about the properties of the orbital motion in regular Hayward black hole space-time by analyzing the effective potential [21, 32, 33] and using the phase plane method. First of all, define x = R and y = dR dφ , then Eq. (11) would become
where g(x) = . When dR dφ = 0, the effective potential can be defined as
Up to now, we have obtained the equation of the orbital motion and the equation of the effective potential.
When the effective potential satisfy the condition dividing curve between the stable orbits and the unstable orbits. Orbits outside it are unstable, such as orbit 5. Orbits inside it are stable, such as orbit 1. For E 2 − 1 = 0, we find that it corresponds to orbit 2 which separates stable orbits into two categories: orbits outside it are the stable hyperbolic type curves(for example orbit 3 ) and inside it are the elliptical type curves(for example orbit 1).
The motion of test particles is not only influenced by particle energy but also particle angular momentum.
In Fig. 2 , we present the dependence of the effective potential on angular momentum. Here we choose b = 3, According to the distinguish condition E 2 − 1 = 0, we can draw a conclusion that there is one stable hyperbolic orbit and others are elliptical.
5. When b > 3.98578, the maximum values of V 2 ef f − 1 is positive. There are stable and unstable orbits.
And the stable orbits have two types including elliptical orbit and hyperbolic orbit. 4 The influence of the parameter ℓ From Eqs. (1) and (2), we find that the regular Hayward black hole space-time varies when the values of parameter ℓ is changed. We use the same test particles which have equal values of b to investigate the influence of parameter ℓ on the orbital motions.
In Fig. 4 , we find that two regions changed more clearly. In order to make a better understanding of this phenomenon, we plot the phase plane graph by using the phase plane method. Combining Figs. 4 and 5, we make a brief analysis.
When the values of ℓ increases, (1) The range of stable orbits becomes larger, the test particles can move on a stable orbit which has a smaller radius; (2) The intersection point of X-axis and the dividing line of orbital stability moves left with ℓ increasing. The essence of this change is to reduce the innermost stable respectively. We discover that in order to maintain the innermost stable orbit, E needs to increase but r (x = r+ r ) needs to decrease. 
Conclusion
In this paper, we have analysed the orbital dynamics of test particles in regular Hayward black hole gravitational field. The orbital types are studied by analyzing the effective potential and using the phase plane method. We have discussed the influence of the energy E and the angular momentum b of the test particles on the orbital motion. It is found that the number of orbital types can be determined by the angular momen-tum b, the types of orbits are determined by the energy E. We have drawn a new and important conclusion that, the stability of orbital motion will vary when the values of ℓ 2 changes from 3 27 to 16 27 , through a global analysis of the effective potential graph and the phase plane graph. Our results show that: when ℓ increases, E of the innermost stable orbit increases, and the radius r decreases. When E, b and ℓ are determined, the motion states of the test particles are also determined correspondingly. It is well known that gravitational lensing can be described by the study of orbital motion. By using the approximate geodesics as the basis for gravitational lensing, Kling et al. [34] studied a single Schwarzschild lensing. Thus, we believe that the obtained results of this paper can provide some help for studying the gravitational lensing of the regular Hayward black hole.
